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A B S T R A C T   
In this study, a factorial multimodel Bayesian copula (FMBC) method is proposed to investigate various un-
certainties in the copula-based multivariate risk models and further track the major contributors to the imprecise 
predictions for different risk indices. In FMBC, the copula models with different marginals and dependence 
structures will be firstly established with the parameter uncertainties being quantified by the adaptive Metropolis 
algorithm. A multilevel factorial analysis approach is then adopted to characterize the individual and interactive 
effects of marginals, copula functions and the associated parameter uncertainties on different risk indices. 
Moreover, a copula-based dependent sampling algorithm is proposed in the factorial analysis process to generate 
parameter samples under consideration of their correlation. The applicability of the FMBC approach is 
demonstrated through the multivariate flood risk analysis at two gauging stations in Wei River basin. The results 
indicate that extensive fluctuation exists in the inferences of multivariate return periods resulting from different 
marginal and dependence structures as well as the associated parameter uncertainties. For risk indices of the 
failure probabilities in AND and Kendall, their predictive variability can be mainly attributed to the uncertainties 
in model parameters and copula structure, with their total contribution more than 75%. In comparison, the 
failure probability in OR would be mainly influenced by the parameter uncertainty and also marginal structures, 
with their total contribution more than 80%. The copula structure would not have a visible effect on the failure 
probability in OR, with its contribution less than 5% for most scenarios. The obtained results can provide sci-
entific support for reliable hydrological risk inferences within a multivariate context.   
1. Introduction 
Floods are among some of the costliest natural disasters, which 
cannot only result in severe direct damages and fatalities, but also have 
considerably wider and longer-term adverse economic consequences (e. 
g. Kidson and Richards, 2005; Fan et al., 2015; Zhuang et al., 2018; Li 
et al., 2020; Moeini and Soltani-nezhad, 2020). Assessment and man-
agement of flood risks are of great importance for many socio-economic 
activities especially under changing climate conditions. Nevertheless, 
floods are generally associated with correlated hydrometeorological 
processes, which also present multiple attributes such as peak discharge, 
hydrograph volume and duration (Sarhadi et al., 2016). Univariate risk 
analyses would mainly focus on one specific flood variable (e.g. flood 
peak) and can hardly exhibit the properties of other variables, and thus 
they may be unable to derive reliable inferences for flood events. 
Consequently, multivariate approaches are desired since they can pro-
vide full description for the occurrence of a flood (The European 
Parliament and The Council, 2007; Chebana and Ouarda, 2011; 
Requena et al., 2013; Salvadori et al., 2016). 
The copula method is one of the most popular approaches for 
multivariate hydrological risk analyses due to its easiness of imple-
mentation and capability of describing complex dependence among 
correlated variables. Since the first application of copulas in hydrologic 
simulation (De Michele and Salvador, 2003), a great number of studies 
have been reported for the development and applications of copula 
methods in hydrology and geosciences. Some examples include multi-
variate risk analyses for hydroclimatic extremes such as floods and 
droughts (Kao and Govindaraju, 2010; Sraj et al., 2014), streamflow 
simulation (Lee and Salas, 2011; Fan et al., 2017), climate downscaling 
and projection (Zhou et al., 2018; Sun et al., 2019; 2021). 
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The presence of uncertainties, embedded in model structures and 
parameters, is one of the major issues for both univariate and multi-
variate risk inferences of hydrological extremes. Research studies have 
been reported for evaluating uncertainties in copula-based multivariate 
risk (CMR) models (Serinaldi, 2013; Dung et al., 2015; Fan et al., 2018), 
which demonstrated existence of extensive uncertainties in CMR 
models. However, one major issue to be addressed is to characterize the 
major sources that lead to uncertainties in multivariate risk inferences. 
In a CMR model, uncertainties in both model parameters and model 
structures would lead to varied risk inferences for a specific flood event. 
Recently, some studies have been proposed to reveal how uncertainties 
would influence the risk inferences in CMR models. For instance, Guo 
et al. (2020) proposed a Bayesian information-theoretical approach to 
disclose design flood uncertainty arising from parameter uncertainty in 
copula-based design flood estimation. Fan et al. (2020a); (2020b;) 
characterized contributions of parameter uncertainties to the resulting 
risk inferences from the copula-based multivariate risk models. Never-
theless, most of these studies merely addressed the impacts of parameter 
uncertainties on the resulting risk predictions. In addition to parameter 
uncertainties, the model choices for both marginal distributions and 
dependence structures would also challenge the risk predictions from 
CMR models. For one specific flood event, different marginals and 
dependence structures may lead to different risk inferences. Moreover, 
the compound effects of uncertainties in model choices and parameters 
may dramatically intensify the ambiguity of resulting risk inferences 
from CMR models. Therefore, it is desired to address the compound 
uncertainties in model choices and parameters and further reveal which 
one would dominate the risk uncertainties from CMR models 
Consequently, this study aims to propose a factorial multimodel 
Bayesian copula (FMBC) system to quantify uncertainties in multivariate 
risk inferences and further partition the dominant sources for these 
uncertainties. The FMBC approach integrates copula models, Bayesian 
parameter estimation and multilevel factorial analysis into a framework. 
In detail, the multivariate risks in terms of joint return periods and 
failure probabilities are established based on CMR models with different 
marginals and dependence structures. For each CMR model with specific 
marginal and dependence structures, their parameter uncertainties are 
quantified by a Bayesian-based Markov Chain Monte Carlo (MCMC) 
algorithm. Finally, the contributions of uncertainties in marginals, 
dependence structures, and model parameters to the resulting risk in-
ferences are quantified by a multilevel factorial analysis method. Flood 
data at two hydrological gauge stations in China are used to illustrate the 
applicability of the proposed FMBC system. 
2. Methodology 
The proposed factorial multimodel Bayesian copula (FMBC) system 
mainly consists of three components, including: (i) establishment of 
copula-based multivariate risk (CMR) models with different marginal 
and dependence structures; (ii) quantification of parameter 
Fig. 1. Framework of the proposed factorial multimodel Bayesian copula approach.  
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uncertainties for each CRM model; and (iii) characterization of contri-
butions of marginals, copulas and parameters to uncertainties in risk 
inferences. Fig. 1 illustrates the detailed procedures for FMBC. 
2.1. Copula-based multivariate risk model 
Multiple attributes are generally involved in many hazardous events 
related to water and hydrological cycles. Typical examples include 
floods characterized by their peak, volume and duration values (e.g. Xu 
et al., 2016), and droughts having attributes of severity and duration (e. 
g. Sun et al., 2019). Moreover, those attributes in a flood or a drought are 
generally interrelated with each other, leading to a demand for inferring 
the associated risk in the multivariate context. Copulas, which is initially 
introduced into hydrology by Favre et al. (2004), have been widely 
applied for modelling dependent hydrological variables and inferring 
the risks of compound hydrological events (e.g. Zscheischler and Sen-
eviratne, 2017; Moftakhari et al., 2017). In this part, a general intro-
duction of copula and the associated multivariate risk indices will be 
provided following a number of research works (e.g. Nelsen, 2006; 
Salvadori et al., 2007; 2011; 2013; 2016;; Graler et al., 2013; Sraj et al., 
2014; Sarhadi et al., 2016; Huang et al., 2017) 
For a n-dimensional random vector X = (X1, X2, …, Xn) with Fi(xi|γi) 
(i = 1, …, n) being marginal distributions and γi (i = 1, …, n) being the 
associated unknown parameters, a copula function can be adopted to 
build the joint probability distribution for X as: 
F(x1, ..., xn|γ1, ..., γn, θ) = C(F1(x1|γ1), ..., Fn(xn|γn)|θ) (1)  
where C(.) is a copula function; θ is the parameter in the copula function 
describing dependence among elements (e.g. Xi) of X. 
In the context of hydrology, one of the most important tasks in risk 
assessment is to estimate the recurrence interval of one specific hydro-
logic event (e.g. flood, drought), which is denoted as the return period 
(RP). However, many extreme events are generally characterized by 
multiple dependent variables such as peak and volume for a flood, and 
duration and severity for a drought. This will raise a demand for deriving 
RP in a multivariate domain to provide robust decision support for water 
resources management. With the aid of copula function expressed by Eq. 
(1), three categories of multivariate RP can be derived in terms of 
“AND”, “OR”, and “Kendall”. Consider a bivariate case which involves 
two correlated variables. The multivariate RP, respectively denoted as 
TOR, TAND, and TKendall can be formulated as (Salvadori et al., 2011; Fan 
et al., 2020a; 2020b): 
TOR =
μ








1 − P(C(u1, u2|θ)⩽t)
(4)  
where u1 = F1(x1|γ1),u2 = F2(x2|γ2). 
In addition to return period, the risk of failure is characterized as the 
probability to observe at least one critical event in the design life of one 
hydraulic infrastructure (Salvadori et al., 2016). Also, based on the 
copula notation, the concept of failure probability (FP) can be derived in 
a multivariate context, which are characterized as FP in “AND”, “OR”, 
and “Kendall”. Consider a critical threshold x* = {x*1,x*2}for a bivariate 
case, the failure probabilities in “AND”, “OR”, and “Kendall” (denoted 
aspANDT ,pORT andpKendallT respectively) can be expressed as (Salvadori et al., 
2016): 





T (5)  
















T (7)  
where u*1 = F1(x*1|γ1),u*2 = F2(x*2|γ2), (x*1,x*2) defines the bivariate crit-
ical threshold. T indicates the service time of the hydraulic facility under 
consideration. 
Moreover, another common approach to characterize the hazard 
scenario for an extreme event is to analyze the system under the most 
likely compound event among feasible combinations with equal return 
periods (Sadegh et al., 2018). The essence of the method is to select the 
multivariate hazard event with largest joint probability density which 
lies on critical layers LFqfor a critical level q (Guo et al., 2020): 
xq = argmax
(x1 ,x2∈LFq )
hC(u1, u2|θ) (8)  
where h(.) indicates the density of the copula-based joint probability. 
The critical layerLFqis defined as: 
LFq = {(x, y) : C(u1, u2|θ) = q} (9)  
where u1 = F1(x1|γ1),u2 = F2(x2|γ2). 
2.2. Uncertainties in the Copula-based multivariate risk models 
For both univariate and multivariate hydrologic risk analysis, prob-
abilistic models are desired to quantify the occurrence frequency of 
flood events and further derive the magnitude of a flood with a specific 
return period. However, many parametric or non-parametric methods 
have been proposed for characterizing the probabilistic features of 
floods in literatures (e.g. Karmakar and Simonovic, 2009). Parametric 
distributions for flood frequency analysis mainly include extreme value 
type-1 (EV1), extreme value type 2 (EV2), generalized extreme value 
(GEV), two-parameter lognormal (LN), Pearson Type III (P3), and log- 
Pearson Type III (LP3) (Cunnane, 1989; Vogel and Wilson, 1996; Read 
and Vogel, 2015). Also, some non-parametric techniques, such as kernel 
density estimation, Gaussian mixture model, and entropy-based ap-
proaches are also proposed for flood risk analysis (e.g. Sun et al., 2019). 
Qi et al. (2016) summarized the three main approaches for distribution 
selection including (i) official recommendation, (ii) experience 
knowledge-based selection and (iii) statistical test-based selection. That 
study also concluded that many candidate distributions can be consid-
ered as applicable models, leading to uncertainty in probability distri-
bution selection. In this study, the GEV, P3 and LN distributions will be 
employed to quantify the probability features of individual flood vari-
ables, with their expressions and parameters listed in Table 1. These 
three distributions are chosen in this study for two reasons: i) based on 
our previous work (Fan et al., 2020b), the GEV and LN distributions 
would generally have better performances than the other models, and 
thus these two distributions would be adopted. ii) the P3 distribution is 
recommended by the governmental regulation (Ministry of Water Re-
sources of the People’s Republic of China, 2006) and thus this distri-
bution will also be selected. 
In additional to the uncertainty in marginal distribution selection, 
there are also many candidate copulas to describe the dependence 
among correlated flood variables. Some copula functions can be classi-
fied as into different families such as elliptical and Archimedean families 
with each one having different copulas (Brechmann and Schepsmeier, 
2013). For instance, a bivariate Archimedean copula can generally be 
defined as (Nelsen, 2006): 
Cθ(u1, u2) = ϕ− 1(ϕ(u1) + ϕ(u2)) (10) 
where u1 and u2 is a specific value of U1 and U2, respectively; U1 =
FX1 (x1)and U2 = FX2 (x2); FX1 and FX2 is the cumulative distribution func-
tion (CDF) of random variable X1 and X2, respectively; ϕ is the copula 
generator that is a convex decreasing function with ϕ(1) = 0 and ϕ-1(t) 
= 0 when t ≥ ϕ(0); the subscript θ of copula C is the parameter hidden in 
Y. Fan et al.                                                                                                                                                                                                                                      
Journal of Hydrology 598 (2021) 126406
4
the generating function. The Archimedean copulas are quite attractive in 
multivariate risk analysis, because they can be easily generated and are 
capable of capturing wide range of dependence structures with several 
desirable properties, such as, symmetry and associativity (Ganguli and 
Reddy, 2013). There are also a number of copulas in the Archimedean 
family with different expressions. In this study, the Gumbel, Frank and 
Clayton copulas will be adopted, with their properties listed in Table 2. 
2.3. Bayesian inference of parameter estimation 
Once the marginal and copula functions are specified in a CMR 
model, the parameter uncertainties in both marginals and copula func-
tions are required to be well quantified. In this study, the parameter 
uncertainty in a CMR model will be quantified by Bayesian analysis. The 
Bayesian approach has been widely applied for model inference and 
uncertainty quantification in different fields including multivariate hy-
drologic risk inferences (Fan et al., 2018; 2020a). Given the prior 
probability of a certain hypothesis and observations, the posterior dis-




where π0(θ) signifies the prior parameter distribution, and 
L(θ|Ỹ)denotes the likelihood function, 
∫
L(θ|Ỹ)π0(θ)dθis the normaliza-
tion constant, π(θ|Ỹ)is the posterior probability density function, and 
Ỹ = {ỹ1, ỹ2, ..., ỹm}are the observations. Eq. (11) is usually difficult to 
solve analytically, and thus numerical methods are adopted to generate 
the posterior distributions. The Markov Chain Monte Carlo (MCMC) 
techniques have been widely adopted to approximate the posterior 
distributions for parameters. There are a number of MCMC techniques 
such as Metropolis-Hastings (MH) (Metropolis et al., 1953; Hastings, 
1970), adaptive Metropolis (AM) (Haario et al., 2001), differential 
evolution (DE) (ter Braak and Vrugt, 2008) and DiffeRential Evolution 
Adaptive Metropolis (DREAM) methods (Vrugt et al., 2009). In this 
study, the AM method is to be adopted to approximate the posterior 
distributions for the parameters in the marginal and copula functions in 
a CMR model. This method is one of the most common MCMC methods 
and has been widely used for uncertainty quantification in hydrological 
simulation and risk analysis (e.g. Viglione et al., 2013; Liu et al., 2020). 
Details for the AM method can be found in relevant literatures (e.g. 
Haario et al., 2001). 
2.4. Uncertainty partition through multilevel factorial analysis 
In the context of flood risk assessment through the copula-based 
multivariate risk (CMR) models, the inferred risk for a specific flood 
event would be subject to various uncertain factors such as the marginals 
and copulas, as well as the associated parameters in the CMR model. 
Consequently, one critical issue to be address is that, among these un-
certain factors, which one would have a dominant contribution to the 
resulting risk inference. Consequently, a multivariate factorial analysis 
approach is integrated into the MFBC method to answer the above 
question. 
In a factorial analysis, an experimental design is employed to account 
for all combinations of the levels of factors to help visualize the single 
effects and interactive effects of factors on a response variable (Fan 
et al., 2020a). Consider the CMR model with two correlated variables, 
the effect model of an experimental design on the predictive risk 
(denoted as R) subject to the marginal distributions and copulas can be 
expressed as:  
where Rijkl is the total variability for the risk inferences which can be 
either the joint RP or FP in AND, OR and Kendall; μ is the overall mean 
effect; mCi is the effect of the ith level of the copula model m
C; mAj ,mBk 
respectively indicates the effect of the marginals mA and mB at their jth 
and kth level; (mCmA)ij,(mCmB)ikand(mAmB)jkare interactions between 
factors mC and mA, mC and mB, as well as mA and mB, respectively; 
(mCmAmB)ijkdenotes the interaction of factors m
C , mA and mB; εijkl de-
notes the random error component. 
In model (12), all the factors mA, mB, and mC are fixed and their levels 
can be either numerical or non-numerical. In this study, the levels (i.e. j 
= 1, 2, …, a; k = 1, 2, …, b)of the factors mA and mB indicate different 
choices for the marginal distributions (i.e. P3, GEV, and LN) in the 
bivariate CMR model, while the levels (i.e. i = 1, 2, …, c) of the factor mC 
denote different choices for the copula functions (i.e. Gumbel, Clayton 
Table 1 
Univariate distributions for individual flood variables.  
























y = log(x), x greater than 0, -∞ < μy < ∞, σy greater than 0  
meanlog μy sdlog: σy 
Pearson Type III 1
baΓ(a)






a− 1e− udu  
shape: a scale: b location: α  
Table 2 
Basic properties of applied copulas.  
Copula 
Name 
Function [Cθ(u1, u2)]  θ ∈ Generating functions 
[ϕ(t)]  
Clayton [u− θ1 + u− θ2 − 1]




(t− θ − 1)







(e− θu − 1)(e− θv − 1)




e− θt − 1
e− θ − 1
]






i = 1, 2, ..., c
j = 1, 2, ..., a
k = 1, 2, ..., b
l = 1, 2, ..., n
(12)   
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and Frank). Moreover, model parameters would also influence the risk 
inferences in the CMR model. Nevertheless, model parameters in a CMR 
model are not independent with the factors for marginals and the copula 
function. They are associated with the choice of marginals and copulas. 
Therefore, the parameters can hardly be considered as independent 
factors in model (12). In order to characterize the effects of parameter 
uncertainties on the risk inferences, these effects are considered as the 
random error component in model (12). In detail, for a CMR model (with 
specific choices for marginals and copula), a number of samples for its 
parameters are generated from their posterior distributions quantified 
by AM method. The corresponding risk inferences are then generated 
from the CMR model based on these parameter samples. 
Based on the effect model denoted by Eq. (12), the total variability of 
the predictive risk can be decomposed into its component parts as 
follows: 




















































































































































l=1Rijkl. Then the contributions of marginal distribu-
tions, dependence structures and parameter uncertainties on risk in-
ferences can be calculated as: 
(1) Contributions of marginal distributions A and B 
ηA = SSA/SST (14a)  
ηB = SSB/SST (14b) 
(2) Contribution of the parameter in the dependence structure 
ηC = SSC/SST (14c) 
(3) Contribution of model interactions among marginals and copula 
ηAC = SSAC/SST (14d)  
ηBC = SSBC/SST (14e)  
ηAB = SSAB/SST (14f)  
ηABC = SSABC/SST (14g) 
(4) Contribution of parameter uncertainties 
ηe = SSe/SST (14h)  
2.5. Procedures for the proposed FMBC system 
The proposed FMBC system integrates the copula-based multivariate 
risk inference model, MCMC method, and multilevel factorial analysis to 
characterize the major and interactive effects of model selection and 
parameter uncertainties on the resulting risk inferences. The detailed 
procedures of the FMBC method are as follows: 
Step 1: For one set record of extreme events, choose the marginals 
and the dependence structures to establish the CMR models. In this 
study, the candidate marginals include P3, GEV and LN distributions 
while the candidate copulas include Gumbel, Clayton and Frank 
copulas. 
Step 2: For the CMR model with specific marginals and dependence 
structure, estimate parameter posteriors through the AM method stated 
in Section 2.2. 
Step 3: Establish the factorial matrix consisting of all the combina-
tions for the marginals and copulas. If there are three candidates for 
marginals and copulas, the factorial matrix will contain 27 combinations 
for the bivariate CMR model, as presented in Table 3. 
Step 4: For each CMR model with known marginals and dependence 
structure (i.e. one row in Table 3), sample the parameter values from 
their posterior distributions obtained in Step 2. In this step, the 
parameter values are sampled based on a dependent sampling algorithm 
since the parameters in the CMR model may be correlated with each 
other. We argue that overlook for their interdependence may over-
estimate impacts of parameter uncertainties on the resulting risk in-
ferences from CMR. The dependent sampling algorithm is based on the 
Table 3 
The matrix of all combinations for different marginal and copula functions.  
Marginal 1 Marginal 2 Copula 
GEV GEV Frank 
P3 P3 Gumbel 
GEV LN Clayton 
P3 LN Clayton 
LN GEV Frank 
P3 P3 Frank 
LN P3 Clayton 
P3 P3 Clayton 
P3 LN Frank 
GEV LN Gumbel 
GEV GEV Gumbel 
LN P3 Frank 
LN LN Frank 
LN GEV Gumbel 
LN LN Gumbel 
LN LN Clayton 
P3 GEV Frank 
P3 GEV Gumbel 
GEV P3 Gumbel 
GEV LN Frank 
LN GEV Clayton 
P3 GEV Clayton 
GEV GEV Clayton 
P3 LN Gumbel 
GEV P3 Frank 
LN P3 Gumbel 
GEV P3 Clatyon  
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multivariate copula theory, in which the dependence among model 
parameters are quantify through a vine copula model. Such a sampling 
algorithm can be performed as follows: 
4a). For the parameter vector Θ = (γA, γB, θC), where γA, γB represent 
the parameters in the marginal distributions and θC indicates the 
parameter in the copula model, quantify their marginal posterior dis-
tributions through nonparametric kernel estimator. For instance, the 
posterior distribution for γA can be denoted as γA ~ G(γ). The original 
parameter values can be converted into uniform values in [0, 1] 
(denoted as u) through their posterior distributions. 
4b). Establish the joint probability distribution for the parameter 






ci,i+j|i+1,...,i+j− 1(F(ui|ui+1, ..., ui+j− 1), F(ui+j|ui+1, ..., ui+j− 1)|η)
(15)  
where D is the total parameters in the parameter vector Θ. η is the 
parameter vector for the vine copula model u = (u1, u2, …, uD)∈ [0, 1]D 
4c). Produce the sample set ui = (ui1, ...,uiD)(i = 1, 2, …, ns) through 
simulation of the copula model denoted in Eq. (15). There are several 
algorithms to generate samples from a multivariate copula model (Aas 
et al., 2009). Such a process can also be implemented based on the R 
package “CDVine” (Brechmann and Schepsmeier, 2013). 
4d). Generate the new samples for the original parameters through 
their inverse probability function G-1(u). 
Step 5: Based on sampled parameters for the CMR model obtained in 
Step 4, the risk inferences, in terms of both joint RP and FP in AND, OR 
and Kendall can be generated based on Eqs. (2)–(7), which can be 
expressed in a generic form as: 
R = H(x*1,x*2|Θ
i) 
where H is a CMR model with specific marginal and copula structures 
and Θi (i = 1, 2, …, ns) are the associated parameter values samples in 
Step 4. 
Step 6: Repeat Steps 4 and 5 for all the marginal and copula combi-
nations in the factorial matrix (i.e. Table 3). 
Step 7: Calculate the total variability (i.e. SST) of the risk inferences 
and its decomposition components expressed in Eqs. (13). 
Step 8: Generate both the individual and interactive effects of mar-
ginals, dependence structure and the associated parameters on the 
multivariate risk inferences through Eqs. (14). 
3. Applications 
The applicability of the FMBC approach will be demonstrated at two 
streamflow gauging stations in the Wei River basin. The Wei River is the 
largest tributary of the Yellow River, originating from the Niaoshu 
Mountain in the Weiyuan County of Gansu province, having a main-
stream length of 818 km and a drainage area of nearly 135,000 
km2(Song et al., 2007; Zuo et al., 2014; Du et al., 2015; Xu et al., 2016). 
The regional climate in this area is semi-arid and sub-humid continental 
monsoon, with significant temporal-spatial variations in precipitation 
(Xu et al., 2016). The annual mean precipitation is about 559 mm but 
shows a noticeable decrease from south to north, with the annual pre-
cipitation fluctuating between 800 and 1000 mm in the south part, and 
between 400 and 700 mm in the north part (Xu et al., 2016). The mean 
temperature in the entire Wei River basin varies from 6 to 14 0C, the 
annual potential evapotranspiration fluctuates from 660 to 1,600 mm, 
and the annual actual evapotranspiration is about 500 mm (Du et al., 
2015). 
Streamflow data observed at the Xianyang and Zhangjiashan stations 
will be adopted for the demonstration of the proposed FMBC method. As 
presented in Fig. 2, the Xianyang station is located at the mainstream of 
the Wei River and the Zhangjiashan station is located at the Jing River, 
which is one of the major tributaries of Wei River. Based on the obser-
vations, annual maximum data series will be employed in this study, 
with the associated flood volumes are obtained through the method 
Fig. 2. The location of the studied watershed and the hydrological gauging stations.  
Table 4 
Flood characteristics for different stations.  
Station name period  flood variable    
Peak (m3/s) Volume (m3/(s day))   
Minimum 139 317 
Xianyang 1960–2006 Median 1350 2491 
Maximum 12,380 17,802 
Mean 1734.6 3592.8 
Std 1819.9 3606.8 
Kurtosis 26.0 6.3   
Minimum 217 303.7 
Zhangjiashan 1958–2012 Median 775 1365.3 
Maximum 3730 7576.1 
Mean 904.5 1790.8 
Std 686.0 1609.5 
Kurtosis 6.2 3.1  
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proposed by Yue (2000); (2001;). Table 4 presents some descriptive 
statistics for the flood records at the Xianyang and Zhangjishan stations. 
There are 47 and 55 flood events characterized at the Xianyang and 
Zhangjiashan stations based on data streamflow observations. 
4. Results analysis 
4.1. Parameter estimation for different CMR models 
In the hydrological context, we can have multiple choices for both 
the marginal distributions and dependent structures to formulate the 
copula based multivariate risk models. As presented in Tables 1 and 2, 
three distributions including GEV, lognormal (LN) and Pearson Type III 
distributions are going to be adopted to quantify the random features for 
individual flood variables (i.e. peak and volume), whilst the Gumbel, 
Frank and Clayton copulas are employed to describe the dependence 
between correlate random variables. These candidate marginal and 
dependence models will lead to a number of CMR models as listed in 
Table 3. For each CMR model, its parameters would be another uncer-
tainty source which may lead to imprecise risk inferences and thus need 
to be well quantified. In this study, the adaptive Metropolis (AM) 
method has been adopted to quantify the parameter uncertainties in the 
CMR model with specified marginal and dependence structures. 
Fig. 3 presents the posterior distributions for the parameters in the 
CMR models with different marginal and dependence structures. It is 
obvious that, even though one parameter (e.g. shape parameter in P3) 
would have similar posterior distributions, it still shows slightly 
different probabilistic features in different CMR models. As presented in 
Fig. 3, the shape parameter in P3 would reach its highest probability 
value (i.e. PDF) at 2.02 for the CMR model with a structure of P3-P3- 
Gumbel. However, the highest probability for this parameter is located 
at about 1.9 and 2.13 for the CMR models with structures of P3-P3-Frank 
and P3-P3-Clayton. Such a difference is more visible for location 
parameter in P3 quantifying the distribution of flood volume (i.e. the 6th 
row in Fig. 3). These differences can also be observed in other CMR 
models as presented in Fig. S1. 
Fig. 3. Posterior distributions of parameters for the CMR models with the same marginals (i.e. P3) but different copulas at Xianyang station.  
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The difference in the posterior distributions for one parameter in 
different CMR models may result from two causes. Firstly, since the 
MCMC method is random in nature, the posterior distributions for one 
parameter can hardly be identical in different runs of the MCMC 
method. Another reason may be due to the correlation in the parameters 
in the CMR model. As presented in Fig. 4, some parameters in the CMR 
model are significantly correlated, which implies that the changes in one 
parameter may influence the values for others. For different CMR 
models, they would have different structures. For instance, Fig. 3(a) 
shows parameter posteriors for the CMR model with a structure of P3- 
P3-Gumbel while the parameter posteriors in Fig. 3(b) correspond to 
the CMR model consisting of P3-P3-Frank. The posteriors for the 
parameter in copula functions are visibly distinguishable due to 
different function structure between the Gumbel and Frank copula. The 
difference in the posterior distributions for the parameter in copula 
functions in these two CMR models (i.e. P3-P3-Gumbel and P3-P3- 
Frank) would then lead to distinction in parameter posteriors in mar-
ginal distributions due to parameters’ correlation. 
4.2. Uncertainty in risk inferences 
For one specific extreme event, different CMR models may generate 
different risk inferences due to those uncertainties embedded in mar-
ginal and dependence model structures as well as the associated model 
parameters. Moreover, for different risk indices (e.g. TOR or TAND 
expressed by Eqs. (2) or (3)), the CMR models may produce different 
predictive uncertainties for them. 
Fig. 5 presents the predictive uncertainties for the multivariate RP in 
AND at Xianyang Station. In this figure, the contour curves with red 
dashed line represents multivariate RP values averaged from all the CMR 
models under consideration of different marginal and dependence 
structures as well as the associated parameter uncertainties. In com-
parison, the colored contours in each subfigure indicate the most likely 
compound events with a TAND of 50-year obtained from the CMR model 
with different copula functions. In detail, the uncertainties enclosed 
within the colored contour present the predictions with a confidence 
level of 80% for the most likely compound events due to the parameter 
uncertainties in the CMR model. As presented in Fig. 5, the predictions 
of the most likely flood with a TAND of 50-year are significantly different 
from CMR models with different marginals, copula functions and 
parameter sets. For instance, for the same risk level (e.g. TAND = 50), the 
CMR model having the marginals being P3 and P3 (i.e. Fig. 5(a)) would 
infer the most likely floods with the average TAND less than 50 years 
when the Clayton copula is adopted, while in comparison it will produce 
the most likely floods with the average TAND even larger than 200 years 
when the Gumbel copula is employed. Even for the CMR model with 
specified marginal and dependence structures, it may produce imprecise 
flood predictions due to uncertainties in its parameters as presented in 
the colored contours. Fig. S2 presents the uncertain risk inferences for 
the multivariate RP in AND from the CMR models with different mar-
ginals, copulas and parameter sets at the Zhangjiashan station. 
Remarkable uncertainties exist in the predictions for the most likely 
extremes from different CRM models, as being observed at the Xianyang 
station. 
Similar to the multivariate RP in AND, the predictions of multivariate 
RP in OR for a compound extreme event also presents extensive un-
certainties due to the uncertainties embedded in the marginal and 
dependence structures as well as parameter uncertainties in the CMR 
models. Fig. 6 shows the contour of the average multivariate RPs in OR 
from different CMR models, as well as the predictions for the most likely 
floods with a TOR of 20-year at the Xianyang station. The results indicate 
that for one specific risk level (i.e. TOR = 20), the predictions for the most 
likely flood events would be varied remarkably due to the uncertainties 
in structures and parameters of the CMR model. Moreover, the predic-
tive uncertainties of the most likely floods under the risk index of TOR 
show a different pattern from the variations of the predictive floods 
under TAND. For instance, consider the CMR model with the two mar-
ginals being the P3 distribution, the predictions for the most likely floods 
under TAND = 50 are highly distinguishable for the CMR models using 
different copula functions as presented in Fig. 5(a), even though the 
parameter uncertainties also lead to visible variations in the flood pre-
dictions. In comparison, for the most likely floods under TOR = 20, most 
predictions are located in the region with the average TOR ranging be-
tween 10 and 20 years, as presented in Fig. 6(a). This implies that for the 
CMR models with the marginals being the P3 distribution, the selection 
of the copula function would have less impact on the inferences of 
multivariate RP in OR than it has on the multivariate RP in AND. Also, 
similar patterns can be observed for the CMR models with GEV or LN 
marginals from Figs. 5 and 6. 
Figs. S2 and S3 present the predictions of the most likely floods with 
TAND and TOR respectively being 50 and 20 years from the CMR models 
consisting of different marginals, copula functions and parameter sets at 
the Zhangjiashan station. The results indicate that the parameters may 
have significant impacts on the flood predictions for both TAND and TOR, 
which leads to large colored contours in Figs. S2 and S3. Nevertheless, 
the predictions of the most likely floods under consideration of TAND 
Fig. 4. Parameters’ correlation for different CMR models at Xianyang station.  
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Fig. 5. Predictive uncertainties for the most likely flood with a 50-year joint return period in AND at Xianyang station. The red dashed contour exhibits the joint 
return period in AND averaged from all the CMR models. The colored regions represent the most likely flood events resulted from parameter uncertainties of the CMR 
models. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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Fig. 6. Predictive uncertainties for the most likely flood with a 20-year joint return period in OR at Xianyang station. The red dashed contour exhibits the joint return 
period in OR averaged from all the CMR models. The colored regions represent the most likely flood events resulted from parameter uncertainties of the CMR models. 
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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from the CMR models with different copulas are still more distinguish-
able than the flood predictions under TOR. This also implies a higher 
contribution of copula selection in the CMR model to the multivariate 
risk in AND than that risk in OR. 
4.3. Contribution partition for uncertainty sources 
In the copula-based multivariate risk (CMR) models, various un-
certainties in model structures and also parameters may lead to impre-
cise risk predictions. Moreover, for one specific risk index (e.g. 
multivariate RP in AND), different uncertainty sources would generally 
have different impacts on the resulting predictions. Also, for the same 
uncertainty source, it may have different contributions to the pre-
dictions of different risk indices, as presented in Figs. 5 and 6. Conse-
quently, some critical issues to be investigated are, for uncertainties in 
the marginal and dependent structures as well as the associated model 
parameters, (i) which one will contribute most for the resulting risk 
inferences, (ii) whether the contributions will be varied for different risk 
indices and also the service time of the corresponding hydraulic facil-
ities. To address the above questions, the multilevel factorial analysis 
(MFA) method is introduced into the developed FMBC system to char-
acterize both the individual and interactive effects of those uncertainty 
sources on the multivariate risk inferences. 
For the factorial analysis in the FMBC system, the two marginals and 
the dependence model (i.e. copula) are designed as factors to be 
addressed. In detail, the GEV, P3 and LN distributions are employed to 
quantify the random features in the individual flood variables, while the 
Clayton, Gumbel and Frank copulas are adopted to describe the 
dependence among the flood variables. This will form a 33 factorial 
design consisting of 27 CMR models, as presented in Table 3. Further-
more, the parameter uncertainties, which are quantified by the MCMC 
method, are associated with the specification of CMR model structure. 
Thus, the model parameters cannot be considered as one factor in the 
factorial analysis. Nevertheless, this kind of uncertainties are reflected 
as the replicates of the factorial experiments. For each CMR model, 10 
parameter sets are sampled from their posterior distributions based on 
the dependent sampling algorithm, which drive the CMR model ten 
times to generate the relevant risk inferences. The failure probabilities in 
“AND”, “OR”, and “Kendall” (denoted aspANDT ,pORT andpKendallT respectively) 
expressed by Eqs. (5)–(7) are to be derived from the CMR models. Then 
the contribution for each uncertainty source (i.e. marginals, copulas and 
parameters) to different failure probabilities (i.e. pANDT ,pORT andpKendallT ) 
can then be characterized by Eqs. (14). 
Fig. 7 presents the individual and interactive contributions of various 
uncertainty sources to the failure probabilities in AND (i.e.pANDT ) under 
different service time scenarios at the Xianyang station. It is visible that 
different factors have different impacts on the risk index of pANDT . In 
detail, the copula function and the parameter uncertainties would have 
more impacts on the inference of pANDT than other factors, with a total 
contribution of more than 75%. In comparison, the marginal distribu-
tions in the CMR model would not pose significant impacts on the FP in 
AND, with the highest contribution less than 6%. However, for those two 
marginals in the CMR model, the marginal selection for flood volume is 
more influential than that for flood peak. This may due to the fact that 
the magnitude of the flood volume are generally higher than the cor-
responding flood peak. Furthermore, the contributions from different 
Fig. 7. Contributions of different uncertain factors to the variability of failure probability in AND at the Xianyang station.  
Fig. 8. Contributions of different uncertain factors to the variability of failure probability in OR at the Xianyang station.  
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factors onpANDT also show some variations under different service time 
scenarios. It is noticeable that the structure of the copula function would 
have higher contributions with the increase in service time while the 
contributions from other factors show an opposite trend. For instance, 
the copula selection will have a contribution of 45.87%, 50.44% and 
54.51% to the variability inpANDT respectively for a service time of 30, 50 
and 70 years, while the contributions from parameter uncertainties are 
30.75%, 29.56%, and 28.54, respectively. Fig. S4 presents the contri-
butions of different factors on the variability of the risk index pANDT at 
Zhangjiashan station. Even though the impacts from parameter un-
certainties and copula structures have a different rank, all the factors 
show a similar contribution pattern with their contributions at the 
Xianyang station. The parameter uncertainties and copula structures 
would have much higher impacts than the other factors. Also, the con-
tributions from the copula function will increase with the increasing 
service time while the contributions of parameter uncertainties would 
decrease simultaneously. 
Fig. 8 shows the individual and interactive effects of marginal and 
dependent structures as well as the parameter uncertainties on the risk 
index of FP in OR (i.e.pORT ) at Xianyang station. Compared with the FP in 
AND, the contributions from the studied factors topORT show a different 
patten. In addition to the noticeable impact from parameter un-
certainties, the marginal distributions also have significant impacts on 
the risk inference ofpORT . Moreover, for the two marginal distributions, 
the marginal corresponding to the flood peak (i.e. factor A in Fig. 8) 
would have a higher contribution to the variability of pORT than the 
marginal distribution for flood volume. This is mainly due to the higher 
kurtosis of the flood peak as presented in Table 4. This indicates that the 
flood peak would have greater extremity of outliers and thus the changes 
of marginal distribution for this variable would lead to noticeable 
variation in the risk index ofpORT . In addition, the contributions of the two 
marginals will increase as the service time of the hydraulic in-
frastructures increases while at the same time the impacts from 
parameter uncertainties will decrease. In terms of the copula function, it 
will not have visible contributions (less than 4%) to the predictive 
variability of pORT as it ever did for the risk index of pANDT (larger than 
45%). Fig. S5 presents the contributions of different factors on the risk 
inference ofpORT at Zhangjiashan Station, which showed a different 
impact pattern from that at the Xianyang station. The parameter un-
certainties would dominate the risk inference ofpORT at this station with 
its contributions more than 80% for different service time scenarios. 
This would be mainly due to the extensive uncertainties in model 
parameters which has also been demonstrated by Fig. S3. Nevertheless, 
there are still some similar features for the impacts of the studied factors 
on the risk index ofpORT at both Xianyang and Zhangjiashan stations. As 
the increase of service time, the contribution of parameter uncertainties 
will decrease and at the same time the contributions of marginals will 
increase. Also, the marginal distribution for the flood peak would have a 
higher contribution topORT than the marginal for the other variable. 
For the FP in Kendall expressed by Eq. (7), those uncertain factors (i. 
e. marginal distributions, copulas, and model parameters) have a similar 
impact pattern with the risk index of pANDT as indicated in Fig. 9. The 
selection of copula function will have the highest contribution to the 
predictive variability of pKendallT , followed by the parameter uncertainties. 
Also, the contribution from copula would increase with the increase of 
service time while at the same time the impact of parameter un-
certainties would decrease. However, compared with the FP in AND (i. 
e.pANDT ), the copula function tends to have a higher contribution to the 
variability of pKendallT with the minimum contribution larger than 50%. 
Such a conclusion can also be demonstrated by the results at the 
Zhangjiashan station presented in Fig. S4. Even though more extensive 
uncertainties have been observed in the model parameters at this sta-
tion, the contribution from the selection of copula is even higher 
increasing from 61.2% for a service time of 30 years to 67.1% for a 
service time of 70 years. 
5. Discussion 
In the proposed FMBC approach, the copula-based dependent sam-
pling algorithm is proposed in order to reflect parameters’ interdepen-
dence of the CMR model. Negligence of their correlation may 
overestimate the contributions of parameter uncertainties to the risk 
inferences. Fig. 10 present the contributions of the uncertain factors (i.e. 
marginals, copulas and parameters) to the risk inferences for FP in AND, 
OR and Kendall under the independent sampling scenario, where the 
model parameters are sampled independently from their posterior dis-
tributions. The results indicate that, ignoring parameters’ correlation 
would lead to slightly higher quantification for the impact of parame-
ters’ uncertainties on the risk indices of pANDT and pKendallT . For instance, the 
contribution of parameter uncertainties topANDT would be about 32.09% 
for a service time of 30-year under the independent sampling scenarios 
while, as presented in Fig. 7, such a contribution would be 30.75% when 
dependent sampling algorithm is adopted. Nevertheless, for the PF in OR 
(i.e. pORT ), it can be observed that the overlook of parameters’ correlation 
Fig. 9. Contributions of different uncertain factors to the variability of failure probability in Kendall at the Xianyang station.  
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in the CMR model would noticeably overestimate the impact of pa-
rameters’ uncertainties on this risk index. As presented in Fig. 10, the 
contribution of parameters’ uncertainty would be 42.4% for a service 
time of 30-year under the independent sampling scenario while in 
comparison such a contribution, as shown in Fig. 8, would be about 
34.4% for dependent sampling scenarios. Moreover, their difference 
would be intensified for the increase in the service time. Consequently, 
the dependent sampling algorithm, developed in the proposed FMBC 
approach, can provide more reliable results for characterizing contri-
butions of uncertain factors to multivariate risk inferences. 
In the proposed FMBC approach, the parameter uncertainties are 
firstly quantified by AM-based MCMC approach. The copula-based 
dependent sampling algorithm is proposed to jointly sample the 
parameter values in the factorial analysis process to reflect impacts of 
parameter uncertainties. Different sample sizes in this process may lead 
to different contributions from model parameters. The results presented 
in Figs. 7–9 are based on a sample size of 10. Fig. 11 exhibits the con-
tributions of different uncertain factors to the three FP indices based on a 
sample size of 20. The results suggest that, as the increase of the sample 
size, there are no evident changes for the contributions of different 
uncertain factors when compared with the results under the 10-sample 
scenario. There are slight discrepancies under these two sample size 
scenarios. For instance, the parameter uncertainty would have a 
contribution of 30.75% topANDT for a service time of 30 years under the 
sample size of 10, and such a contribution will slightly decrease to 
28.65% for the sample size of 20. Nevertheless, these differences would 
not significantly change the results of contribution partition of different 
uncertain factors to the multivariate risk inferences. 
The proposed FMBC approach cannot only be applied for the 
multivariate flood risk inferences for the annual maxima of peak 
Fig. 10. Contributions of different uncertain factors to the variability of failure probabilities under the independent sampling scenario at Xianyang station.  
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discharge associated with its flood volume, but also be applicable for 
other flood variables. Fig. 12 present the contributions of model struc-
tures (i.e. marginal and dependence structure) and parameter un-
certainties to the three FPs for the annual maxima of 3-day volumes and 
their associated peaks at the station of Zhangjiashan. The results indi-
cate a similar contribution pattern with other scenarios in which the risk 
indices ofpANDT and pKendallT are mainly influenced by the parameter un-
certainties and also the copula structure. Moreover, the copula structure 
tends to have a more effect on the predictive variability of pKendallT than 
that of pANDT . For the FP in OR, its variation would be mainly attributed to 
parameter uncertainty and the marginal structure for the 3-day flood 
volume (i.e. B). Here the marginal structure (i.e. factor B) for the 3-day 
flood volume would have a more significant effect onpORT than the 
marginal structure (i.e. factor A) for the peak flow since the sample data 
for the 3-day flood volumes would have a higher value of kurtosis (16.6 
for 3-day flood volume and 12.0 for flood peak). 
In general, the predictive uncertainties for the risk indices of pANDT and 
pKendallT are dominated by the parameter uncertainties and the copula 
function, in which the copula structure would have a greater effect on 
pKendallT than that on pANDT . This implies that for flood designs based 
onpANDT orpKendallT , the copula function should be appropriately and then 
the model parameters need to be well quantified. Table 5 presents the 
contributions of the copula function to the predictive uncertainties in 
pANDT and pKendallT under a service time of 30-year. It seems that, for the FP 
in AND, the impact from the copula structure has an opposite trend with 
the correlation between the correlated variables, but such a phenome-
non is not applicable for FP in Kendall. However, this conclusion is only 
based on limited cases and thus need to be further characterized in 
future. For the FP in OR, the selection of the marginal distributions 
would be more important than the copula structure in order to generate 
reliable risk inferences. Table 6 presents the contributions of the two 
marginals to the FP in OR under a service time of 30-year. Based on the 
results, we can primarily conclude that, for the correlated variables, the 
marginal for the variable with a higher kurtosis would have a greater 
impact on the predictive uncertainties in pORT than the other marginal. 
Fig. 11. Contributions of different uncertain factors to the variability of failure probabilities under a sample size of 20 at Xianyang station.  
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6. Conclusions 
Extensive uncertainties exist in multivariate risk inferences, which 
are embedded in marginals, dependence structures and also model pa-
rameters. Some studies have been proposed to address parameter un-
certainties in the copula-based multivariate risk models. However, the 
impacts from marginal and copula structures are somewhat overlooked. 
Therefore, a factorial multimodel Bayesian copula (FMBC) approach has 
been proposed to quantify uncertainties in multivariate risk inferences 
and further partition the dominant contributors to the uncertain risk 
inferences. In FMBC, different marginal and copula structures are firstly 
specified, which lead to different risk inference models. For each model, 
the AM-based MCMC approach is employed to quantify the parameter 
uncertainties. The multilevel factorial analysis method is adopted to 
Fig. 12. Contributions of different uncertain factors to the variability of failure probabilities for the 3-day annual maxima volume and the associated flood peak at 
Zhangjiashan station. 
Table 5 
The copula contributions to failure probabilities in AND and Kendall under a 
service time of 30-year.   
Kendall’s Tau FP in AND FP in Kendall 
Peak - Volume at Xianyang  0.690  45.9%  53.4% 
Peak-Volume at Zhangjiashan  0.723  38.2%  61.7% 
3-day Volume-Peak at 
Zhangjiashan  
0.824  23.1%  32.1%  
Table 6 
The contributions of marginals to failure probabilities in OR under a service time 
of 30-year.   
Variable Kurtosis FP in OR 
Peak - Volume at Xianyang Peak 26  28.9% 
Volume 6.3  18.4% 
Peak-Volume at Zhangjiashan Peak 6.2  5.9% 
Volume 3.1  1.1% 
3-day Volume-Peak at Zhangjiashan Peak 12.0  2.4% 
Volume 16.6  45.6%  
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characterize the contributions of model marginals, copula structures and 
the associated parameter uncertainties to the failure probabilities. 
Moreover, a copula-based dependent sampling algorithm is proposed to 
jointly sample the parameter values in the factorial analysis process. 
The proposed FMBC approach was demonstrated for the multivariate 
flood risk inferences at two gauging stations in the Wei River basin. 
Contributions from marginal distributions, dependence structures, as 
the associated model parameters are characterized to the predictive risks 
of failure probabilities in AND, OR, and Kendall. Based on those case 
studies, some specific findings can be concluded:  
1. Uncertainties in marginal and dependence structures as well as the 
associated model parameters would lead to imprecise predictions for 
the multivariate return periods in AND, OR and Kendall for a com-
pound extreme event.  
2. For a specific extreme event, different uncertainties would have 
different contributions to different risk indices. In general, the copula 
structure and parameter uncertainties would have the most signifi-
cant impacts on the failure probabilities in AND and Kendall, while 
other factors would not have visible contributions (less than 10%) to 
predictive uncertainties in these two risk indices. Moreover, the 
contributions of parameter uncertainties will decrease with an in-
crease in the service time while the contributions of the copula will 
increase. For the failure probability in OR, its uncertainty would be 
mainly attributed to model parameters and the marginal distribu-
tions, but the copula structure will not have a noticeable impact on 
this risk index. Moreover, when the parameter uncertainties are not 
well quantified, these uncertainties would dominate the imprecise 
predictions in the failure probability in OR.  
3. For the copula-based multivariate risk model, its parameters in both 
marginal and copula functions may be correlated with each other. 
Negligence of their correlation would overestimate the impacts of 
parameter uncertainties especially for the failure probability in OR. 
Consequently, the copula-based dependent sampling algorithm is 
recommended in the factorial analysis process. However, the sample 
size would not significantly influence the results of uncertainty 
partition and 10 samples are sufficient to generation reliable char-
acterization for the impacts from different factors. 
This study is a first attempt to track the major contributors to the 
hydrological risk inferences within a multivariate context. The appli-
cability of the FMBC approach has been demonstrated through the flood 
risk assessment problems under consideration of flood peak and volume. 
We argue that the proposed method can be applicable for multivariate 
risk inference problems for many other hydro-climatic extremes with 
more than two correlated variables. 
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